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ABSTRACT: We consider the D7/D(-1) system in Type I’ as a prototypical “exotic” brane
instanton. With respect to systems such as the D3/D(—1) ones, which correspond to gauge
instantons in four dimensions, exotic systems lack the bosonic mixed moduli w of the
ADHM construction, related to the instanton size p, and their possible field-theoretical
interpretation as classical solutions is an important open question. For the system at
hand, we propose that it corresponds to the point-like limit p — 0 of the eight-dimensional
so-called SO(8) instanton solution. This configuration is a solution of the quartic term of
the non-abelian D7 action, i.e. the term which stays finite in the limit o/ — 0 with g, fixed
that preserves the D(—1) effects. As a necessary consistency condition, we check that the
next order term in the non-abelian effective action vanishes on the SO(8) solution so that
the limit we take is well-defined.
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1 Introduction and motivations

The construction of “phenomenological” models of particle physics based on D-branes
embedded in supersymmetric string compactifications has become a major direction in the
development of String Theory (for reviews, see for instance [1-3]).

In these D-brane scenarios non-perturbative corrections arise from D-instantons and
wrapped Euclidean branes. In principle all instantonic branes which can be consistently
included may contribute to the low energy effective action. If the theory contains a gauge
sector realized on D(3 + n)-branes wrapped on a cycle C, then Euclidean branes E(n — 1)



wrapped on C correspond to the instanton sectors of the gauge theory.! [4, 5] Other Eu-
clidean branes, for instance those wrapped on a cycle C' # C, do not possess this inter-
pretation and have been referred to as “exotic” or “stringy” instantons; they have been
investigated over the last couple of years in a rapidly growing literature. This interest was
sparkled by the realization that exotic instantons might provide couplings which are forbid-
den in perturbation theory but necessary for phenomenological applications; for instance,
they have been pointed out as possible sources of neutrino masses [6, 7] or of certain Yukawa
couplings in GUT models [8, 9]. While the relation of “ordinary” instantonic branes to the
field-theoretical description of instantons in supersymmetric gauge theories (as reviewed,
for instance, in [10]) has been clarified in detail [11-13], the possibility of a field-theoretic
interpretation of the exotic instantonic branes is still an open issue, and constitutes the
main motivation of the present work.

In the ordinary cases, the spectrum and interactions of the moduli, i.e. of the physical
excitations of open strings with at least one end-point on the instantonic branes, reproduce
the ADHM construction of the moduli space of gauge theory instantons. In particular, let
us consider the NS sector of the open strings with one end on the D(3 + n) and the other
end on the E(n — 1)-brane. The world-sheet physicity condition has the form?

3
LO—%:NX+N¢+Z%:0, (1.1)
i=1
where Nx and Ny are the occupation numbers for the bosonic and fermionic world-sheet
oscillators, while the (positive) angles 276; denote the twist eventually occurring in the
three complex internal directions. In writing (1.1) we have taken into account the 1/2
contribution to the zero-point energy from the four space-time directions, which are of
Neumann-Dirichlet type. Ordinary E(n — 1)-branes impose, in the internal space, the same
boundary conditions as the gauge D(3+n)-branes do. All twists 6 therefore vanish and the
ground state Nx = Ny = 0 is physical; being degenerate in the non-compact directions,
it corresponds to the moduli wg of the ADHM construction. These bosonic mixed moduli
enter in an essential way in the ADHM constraints and, once these constraints are solved,
they contain in particular the size p of the instanton solution.

In the exotic cases, the E(n — 1)-branes do not coincide with the gauge branes in
the internal space, and the mixed strings have non-trivial twists #*. Then the mass-shell
condition (1.1) cannot be solved, and the bosonic mixed moduli w, are absent. This
absence constitutes the main world-sheet hallmark of stringy instantons and has profound
consequences. For ordinary D(n+3)/E(n—1) systems the Higgs phase, in which a non-zero
vacuum expectation value of the w’s is turned on and a bound state at threshold is formed,
is the one which corresponds to the field theory instanton. This phase is not present in
exotic configurations.

Turning to the R sector of E(n — 1)/E(n — 1) strings, there are fermionic anti-chiral

moduli Ay which, in the moduli action, play the role of Lagrange multiplier for the fermionic

IThe simplest case is represented by the D3/D(-1) system, corresponding to n = 0.
2In order to be explicit, we consider a toroidal orbifold situation, and assume that the branes in the
internal space are distinguished by their relative angles or magnetizations.



ADHM constraints. In the exotic case the abelian part of such constraints, being propor-
tional to the wg moduli, is absent and the abelian component of the A’s represents a true
fermionic zero-mode. To get non-zero correlators it necessary to remove this zero-mode,
for instance by appropriate orientifold projections [14-16], or to lift it with closed string
fluxes [17-19] or by other mechanisms [20, 21].

In this paper we set out to identify the classical field configuration in a simple system
of branes which from the world-sheet point of view shares the characteristics of exotic
instantons, namely a system of D7 and D(-1)-branes in Type I’ theory compactified on
a torus Ty, as described in section 2. In this system the D7/D(-1) strings have eight
Neumann-Dirichlet directions; this corresponds to #; = 63 = 1/2 and 03 = 0 in the
notation of (1.1). The bosonic moduli w are therefore non-physical. On the other hand,
the orientifold projects out the dangerous fermionic zero-mode A4, and thus the D(-1)’s
can contribute to the effective action. The gauge theory living on the D7’s is an eight-
dimensional theory: however, one could further compactify down to four dimensions, to
obtain a stringy instanton configuration composed of wrapped D7’s and D(-1)’s.

The eight-dimensional D7/D(—1) system is interesting by itself in many respects; to-
gether with the T-dual situation in which D9/E1 systems on T3 are considered, it provides
an important testing ground for the heterotic/Type I duality. Indeed, the BPS-saturated
tgF* terms in the effective Lagrangian, exactly known from the heterotic side, receive
non-perturbative corrections from D(—1)’s on the type I side, that would be important to
determine also from an explicit D-instanton calculus. The heterotic result has already been
reorganized so as to match the expected structure of D-instanton terms [22]-[27], but the
explicit integration, at all instanton numbers, over the moduli space of the D(—1)’s has
not yet been performed. The preliminary step of describing the spectrum of moduli of the
D7/D(-1) system and their action was already done in [28], whose analysis substantially
matches the one reported here in sections 3.1 and 3.2. In the present paper our focus
is on the identification of the classical solution corresponding to the D-instanton, rather
than on the explicit moduli space integration; however the form of the field-dependent
moduli action that we derive in section 3.3 represents a convenient starting point for the
computation of the non-perturbative effective action.

It is natural to expect that the D7/D(—1) system corresponds to some eight-dimensional
classical configuration analogous to the gauge instanton in four dimensions, whose prop-
erties and main features are spelled out in sections 3 and 4. In particular, considering
both tree-level and one-loop amplitudes with part of their boundary on the D(-1)’s, we
argue that the classical configuration represents an instanton of the quartic part of the
Non-Abelian Born-Infeld (NABI) action of the D7-branes. We then proceed in section 5
to review the properties of known eight-dimensional instantons available in the literature.
The study of generalizations of gauge instantons has a rather long history, and several types
of configurations have been individuated [29]-[38], depending on which feature of the four
dimensional case is extended to eight dimensions and taken as a definition of instantons.
We argue that the configuration which carries the appropriate symmetries to be associated
to a D(-1) inside a stack of D7-branes is the supersymmetric version of the so-called SO(8)



instanton of Grossman et al. [32, 33]

2p°

e = T

(1.2)
Here the 7,, are the chiral gamma-matrices with two indices in d = 8, while the field
strength F),, is in the adjoint of SO(8), the smallest gauge group for which a configuration
with non-trivial fourth Chern class can be obtained. Notice that in the Type I’ system we
consider, we have exactly N = 8 D7 branes at each orientifold plane, thus supporting an
SO(8) gauge theory.?

Reconsidering the moduli spectrum and the absence of emission diagrams for the gauge
field in the D7/D(—1) system related to the absence of the bosonic w moduli, we show in
section 6 that actually it is the limit p — 0 of the SO(8) instanton that corresponds to
the D(-1). We show then that the NABI action evaluated on the SO(8) instanton in this
limit reduces to its quartic term; this is not at all trivial, as it requires that all higher order
terms of the NABI action vanish identically already at finite p. In section 7 we will check
this explicitly for the quintic term, which is of order o/® with respect to the quadratic one.
In the literature, different expressions of the quintic term in the NABI action have been
derived, starting from different guiding principles. We use the expression obtained in [40]
from the requirement that the NABI action should admit an off-shell supersymmetric ex-
tension. Other expressions in the literature [41]-[44] are equivalent to this one only up to
terms proportional to the Yang-Mills equations of motion; however the SO(8) instanton is
not a solution of the Yang-Mills equations in eight dimensions, but rather of those that fol-
low from the quartic action. Therefore, the fact that these alternative forms of the quintic
action do not vanish on the SO(8) instanton is not unexpected. We think that this observa-
tion can be relevant to the problem of determining which form of the NABI action should
be used to weight off-shell configurations. It is not possible at the moment to do further
checks, since no higher correction has been determined according to the principle of super-
symmetrizability used in [40]; nevertheless the fact that the quintic term vanishes on the
configuration (1.2) makes the conjecture that all higher terms vanish as well very plausible.

2 The D7/D(-1) system in Type I’
We consider Type IIB string theory compactified on a 2-torus 75 and modded out by
Q=w(-1)r1, (2.1)

where w is the world-sheet parity, Fp, is the left-moving world-sheet fermion number, and
75 is the inversion along the two directions of T5. The resulting theory is an unoriented
string model with sixteen supercharges, called Type I'.

The action of  has four fixed-points on the torus where four O7-planes are placed.
A local cancellation of the R-R tadpoles produced by these O7-planes requires to place at

3In the heterotic/Type I context, the SO(8) instanton was already considered in [39] in the search for a
configuration of Type I representing the heterotic string.



each fixed-point eight D7-branes. In the following we will concentrate on one fixed-point
and study the gauge theory produced by the massless modes of the unoriented open strings
attached to the eight D7-branes that are located there. This is an eight-dimensional gauge
theory with /' = 1 supersymmetry and gauge group SO(8). A quick way to see this
is to observe that the vertex operators for the massless bosonic modes on N D7 branes
contain (in the 0 superghost picture) the following terms:* V4 ~ A, O0-XH X" and
Vg ~ om0, X™ e*vX" They both change sign under Q. If we assume that the action v(Q)
of the orientifold projection on the Chan-Paton factors is just a transposition, namely

Au — () AuV(Q)_l = tA;L s Om — () ¢m7(Q)_1 = t¢m ) (2.2)

we easily conclude that the vertex operators V4 and Vy survive the orientifold projection
only if A, and ¢,, are N x N anti-symmetric matrices. In our case (N = 8), we therefore
have an eight-dimensional vector A, and two real scalars ¢,, which transform in the adjoint
representation of SO(8). A similar analysis in the fermionic massless sector of these unori-
ented strings leads to an eight-dimensional chiral fermion A® plus its anti-chiral conjugate
A4, which also transform in the adjoint representation of SO(8). Altogether, the fields

{A, A, O } (2.3)

form the A/ = 1 vector multiplet in d = 8 in the adjoint representation of SO(8) and can
be assembled into a superfield as follows

O(z,0) = ¢(z) + V20A(z) + % "0 Fpp () + - - - (2.4)

where ¢ = (¢g + ip19)/v/2 (see appendix A for our conventions on v matrices, etc.).

The part of the effective action which depends only on the gauge field strength F),,
and its covariant derivatives is the NABI action for D7 branes, which can be organized in a
series of contributions with increasing powers of o/ and contains the following terms [45, 46]:

1 1 1 o
Spr = — [z Tr | ——— F F*" — —— s F* —/dS Li(F.DF) + -
b7 87795/ v r[(?ﬂ\/a’)‘l : 3(2m)2 ® ]Jr e ) (F, DF) +

= Svym + 5(4) + 5(5) + -, (2'5)

where g5 is the string coupling constant and

1

Tr(tsF') = o & T (s -+ Fruz) (2.6)

1 1 1
= Tr (o PV Fy+ 5 Fyy PP = - Fy FREp P — = By Fp PP

12

In the Yang-Mills action Syn = 1/(2¢%)[d®x Tr(F?), there appears a dimension-
ful coupling
G = Amgs(2mV o)A, (2.7)

“Here, for simplicity, we only write terms that do not depend on the world-sheet fermions. The sym-
bols 9; and 0, denote, respectively, the world-sheet tangent and normal derivatives; k is the open string
momentum, and Greek (Latin) indices label the longitudinal (transverse) directions of the D7 branes with
Euclidean signature, i.e. p,v,...=1,...,8 and m,n,... =9, 10.



while the quartic action, which we write as

S(4) = dS.%' Tr(t8F4) y (2.8)

1
Y

bears in front a dimensionless coupling constant
M = drdg, . (2.9)

Finally, the last term in (2.5) is an O(«’) contribution whose expression and role will be
discussed in section 7.

As mentioned in the Introduction, we are interested in studying non-perturbative ef-
fects that are induced by k& D(—1)-branes located at the same fixed point of the D7 branes.
The D-instantons are sources for the scalar field Cjy of the closed string R-R sector, and
their classical action is

2
Sp(_1) = — — 27 Cy = —2ri7, (2.10)
95
where .
1
T=Ch+ — (2.11)
9

is the standard axion-dilaton combination. The resulting D7/D(-1)-brane system is 1/2-
BPS and stable since the number of directions with mixed Dirichlet-Neumann boundary
conditions is eight. Even if there will be important differences, it is useful to analyze this
D7/D(-1)-brane system in analogy with the more familiar D3/D(-1)-brane system.

In the “standard” case of D3/D(-1) systems, the sector with k& D(~1) branes corre-
sponds to the sector with instanton number k of the four dimensional gauge theory living
on the D3-branes [4, 5]. Indeed the part of the D3 action quadratic in the gauge field

reads®
1

8wy

S(Q) /d4£6 TI'(FQ) — 27 CO 6(2) 5 (212)

where c() is the second Chern number

1

On an instanton configuration which saturates the Bogomolny bound with instanton num-
ber k = c(3), namely when

%/d4x Tr(FQ) = 82 ), (2.14)

the action S(g) reduces to that of ¢y D-instantons:

5(2) = —2mi C(2) T = C(2) SD(*I) . (215)

Instanton configurations satisfying (2.14) can be described through the ADHM con-
struction. They preserve the space-time SO(4) invariance, and in a supersymmetric context
represent 1/2-BPS states; both these features are to be expected if they must correspond to

®We assume for simplicity that the R-R field Cy is constant along the D3 world-volume.



a D3/D(~1) configuration. In fact, the moduli of the D3/D(~1)-brane system and their ac-
tion account precisely for the ADHM construction of the instanton moduli space [11, 12].
The interpretation of the D(-1)’s as a classical configuration of action (2.12) is further
confirmed by the relation between instantonic one-loop amplitudes and gauge threshold
corrections to the quadratic action, as originally found in [47, 48]. Indeed, as discussed
in [49, 50], both instantonic one-loop amplitudes and gauge threshold corrections deter-
mine the one-loop running of the gauge coupling constant that is obtained by expanding
around two different backgrounds, respectively an instanton and a constant field. Finally,
it was shown in [12] that the D(-1)’s act as sources for the classical profile of the solution
through the emission of the gauge field from a “mixed” disk with its boundary attached
partly to the D(—1)’s and partly to the D3’s.

Let us now consider a system with D7 and D(~1) branes. The part of the Born-Infeld
action for D7 branes that is quartic in the gauge fields is given in (2.8) and, after adding to
it the quartic term from the the Wess-Zumino part, it can be rewritten in the following form

1 .
S(4) = —m /dsx Tr(t8F4) — 27 Co 0(4) (2.16)

where c(4) is the fourth Chern number

1
with 1
Tr (esF*) = 6 & T (Fps - Furpss) - (2.18)
If the gauge field I satisfies
1 41
/dgx Tr(tsF*) = —3 /dgx Tr(egF4) = —5(27{')4 C(4) (2.19)
then the quartic action (2.16) becomes
Sy = —2micyy T = ) Sp(-1) s (2.20)

that is the action of ¢4y D-instantons.

This argument suggests that, in analogy to the D3/D(-1) case, k D(~1)-branes inside
a stack of D7-branes should correspond to some classical “instanton” configuration that
satisfies (2.19) with k = c(4). In the rest of the paper, we will pursue this line of inquiry,
analyzing in turn the various aspects of such a relation that we recapitulated above in the
case of D3/D(—1) systems. Along the way we will point out analogies and differences.

3 Spectrum and interactions in the D7/D(-1) system

We begin by considering the tree-level aspects of the D7/D(—1) system; in particular we
describe the moduli spectrum corresponding to the allowed vertex operators and the action
resulting from their disk interactions.



3.1 Moduli spectrum

The spectrum in the D7/D(-1) system consists of neutral moduli, associated to open
strings with both end-points on the D-instantons ((—1)/(—1) strings), and of charged
moduli, associated to open strings stretching between the gauge and the instantonic
branes (7/(—1) strings).

(-1)/(-1) strings. This is the neutral sector since it comprises states that do not trans-
form under the gauge group. The physical zero-modes are easily obtained by dimensionally
reducing the A/ = 1 supersymmetric gauge theory from ten to zero dimensions. Using an
ADHMe-inspired notation, we denote the bosonic fields as a, and x;,, where the distinction
between the two is made by the presence of the D7-branes. Both a, and x,, are k X k ma-
trices and have canonical dimensions of (length)~!. In order to implement the orientifold
projection, we observe that since all directions have Dirichlet-Dirichlet boundary condi-
tions, the vertex operator for a, (in the 0 superghost picture) is proportional to 0, X*,
and not to 0;X*, so that it is even under 2. On the other hand, the vertex operator for
Xm 18 proportional to d, X™ and is odd because of the reflection Zs of the coordinates X
transverse to the O7-planes. Furthermore, the consistency with the orientifold action (2.2)
on the D7-branes requires [51] that on the Chan-Paton factors of the (—1)/(-1) strings €
acts also as a transposition, i.e.

a, — 7(2) aufy(Q)_l = tau . Xm — 7(Q) mey(Q)_l = txm . (3.1)

Combining the behavior of the operator part of the vertex operators with that of their
Chan-Paton factors, we easily conclude that a, is a k x k matrix transforming in the
symmetric representation of SO(k), while x,, is a k X k matrix in the anti-symmetric
(adjoint) representation of SO(k).

Let us now turn to the fermionic sector. Adopting again an ADHM-inspired notation,
we denote the chiral and anti-chiral fermionic moduli as M® and A;. They both have
dimensions of (length)fg and correspond to the following vertex operators (in the —%
superghost picture)®

Vig = M®S,S_e7 29 | Vi=\sS%STe 2% . (3.2)

Here ¢ is the bosonic field appearing in the bosonization of the superghost system, S,
and ST are the chiral spin fields in the first eight and last two directions respectively,
while S% and S_ are their anti-chiral counterparts. The two combinations S,S_ and
84S+ appearing in (3.2) arise upon splitting the (anti-chiral) spinor representation of
SO(10) under SO(8) x SO(2) as required by the presence of the D7 branes. On these spin
fields we can represent the orientifold projection €2 as minus the chirality operator in the
transverse directions to the D7-branes, or equivalently as the chirality operator along the
eight longitudinal directions.” Thus S,S_ is even while S*S* is odd under €. On the

In these expressions we understand factors of (271'0/)% which are needed to make Vj; and V) dimen-
sionless.

"The choice of signs in these chirality operators corresponds to choose between instantons and anti-
instantons; here and in the following we choose signs that, in our conventions, are appropriate for instanton-
like configurations.



other hand, in analogy with (3.1), the Chan-Paton factors transform as
M® — 4(Q) My (Q) ™" ="M | Xa—4(Q)Aar ()" =" Na, (3.3)

so that Vs and V), survive the orientifold projection only if M is a symmetric k X k matrix
of SO(k) and A4 is an antisymmetric k£ x k matrix of SO(k).

In the one D-instanton case (k = 1), sometimes also called the O(1) instanton, the
moduli x,, and A4 are projected out and the only neutral zero-modes that survive are
a, and M®. These represent the bosonic and fermionic Goldstone modes of the (su-
per)translations of the D7-branes world-volume that are broken by the D-instanton and
thus can be identified with the bosonic and fermionic coordinates z, and 6 of the eight-
dimensional superspace. More precisely, we have

z, = (2nd)a, , 0%=(2md/) M (3.4)
where the factors of o’ have been introduced to give x,, and 6% the appropriate dimensions.

7/(-1) strings. This is the charged sector that accounts for open strings stretching
between the D7-branes and the D-instantons. Since there are eight directions with mixed
Dirichlet-Neumann boundary conditions, in the NS sector it is not possible to construct
vertex operators of conformal weight one and thus, according to (1.1), there are no physical
bosonic moduli in the spectrum. This is to be contrasted with what happens in the D3/D(—
1) system where, instead, one finds bosonic moduli wg and w,, that are related to the gauge
instanton size. On the other hand, the absence of charged bosonic moduli is the distinctive
feature of the “exotic” instanton configurations mentioned in the Introduction, and thus,
at least from this point of view, our D7/D(~1) system is in the same class.

The fermionic R sector instead is not empty. In fact, we can construct the following
vertex operators for the fermionic moduli o and i (of canonical dimensions of (length)_%)

VM:,uASJFe_%“’ , Vﬂ:ﬂAS+e_%“" (3.5)

where A and A are the (bosonic) twist operators for the eight directions with mixed
boundary conditions.® They are conformal fields with conformal dimension 1/2 and refer
to the two orientations of the string stretching between the D7-branes and the D-instantons.
Fixing the chirality for the spin field in the last two directions is a GSO projection; the
choice of the positive chirality made in (3.5) is, in our conventions, the appropriate one
for instanton-like configurations.® Under the orientifold action the two vertex operators Vi
and Vj are mapped into each other; indeed

V, L otuASste s | v L tiASte2® (3.6)

where the minus sign is due to the fact that €2 acts as minus the chirality operator on the
spin fields in the last two directions. Thus p and i are not independent of each other but
are related as follows

fi=—"n (3.7)

5In (3.5) we have understood factors of (27r0/)%.
9We note in particular that the vertex operators (3.5) are mutually local with the supercurrents of the

supersymmetry conserved by the D7/D(~1) system.



Remember that p and i are, respectively, N x k and k& x N matrices (with N = 8 in our
specific case); the above identification is therefore consistent with this structure.

We conclude by stressing again that the content of the charged sector of the D7/D(-1)
moduli spectrum is similar to that of the charged sector in exotic instanton configurations
(see for example [6, 7, 15, 16]), or to that of the flavored sector in D3/D(-1) systems that
realize N =1 or N' =2 SQCD models (see for example [49, 50] for details). Therefore, we
can proceed like in these cases and work with rescaled moduli [12]

,  2md

M_
Vs

" (3.8)

which carry dimensions of (length)%.

3.2 Moduli action

The D-instanton moduli action can be derived by computing scattering amplitudes of

moduli fields on disks with at least part of their boundary on the D(—1)-branes; we refer

to [11, 12] for details and we recall here only the most significant results for our purposes.
First of all, the contribution Sy to the moduli action of a disk with no moduli inser-

tion is [52]

2rk k

s T o202 93

Sy = (3.9)

where gg is the Yang-Mills coupling constant in zero dimensions and k is the multiplicity
of the disk boundary. Note that Sp/k is nothing else than the (topological) normalization
of any disk amplitude with D(-1) boundary conditions (denoted as Cy in [12]): clearly
this normalization is always the same since the D(—1)-branes are objects which exist
independently of whether the surrounding space-filling branes that support the gauge
theory are D7 or D3-branes.

Next, we have the contribution S; of the neutral moduli which is obtained from disk
amplitudes involving the vertex operators of the (—1)/(-1) strings. The result of these
computations is formally similar to the one discussed in [12], and for our present case it is
explicitly given by

1 . i . i
S1 = = triAa Pk, Mgl — —= Na[x, A\Y] — —= M%[x, M,
- { 710, M) = —= Aol X = = M [, M)

- o ale® 0] - ]l 1+ e

(3.10)

where x = (xo +ix10)/v2, X = (xo — ix10)/V2.

Finally, we have the contribution of the charged moduli that arises from mixed disc
amplitudes involving the boundary changing vertex operators (3.5). In our case this con-
tribution is simply .

Sy = —% tr(*ppx) = —imtr(" 1 x) (3.11)
90

where in the last step we have introduced the rescaled moduli defined in (3.8).
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In the one-instanton case (k = 1) there are drastic simplifications; indeed both
terms (3.10) and (3.11) vanish, and after including the contribution of the tadpole for
the R-R scalar Cp, one is simply left with the D-instanton action Sp_1) given in (2.10).
If one considers also the interactions among the charged moduli and the 7/7 strings, this
action gets replaced by

Sp1)(®) = =277 +in 'y ®(x,0) 1 (3.12)

where @ is the superfield defined in (2.4). The second term in (3.12) can be understood by
computing a string amplitude on mixed disks with two charged moduli and a scalar field
of the 7/7 sector, plus its supersymmetric partners.

The moduli action of our D7/D(—1) system is much simpler than the corresponding
one for the D3/D(~1) systems, even in the one-instanton case: the number of moduli is
smaller, there are no bosonic charged moduli like wg or w4 and no ADHM-like constraints.
This last feature makes a crucial difference: indeed, the D7 and D(~1)-branes do not form a
bound state, while by imposing the ADHM constraints in the D3/D(-1) case it is possible
to obtain a bound state at threshold.

3.3 Integration over moduli and scaling to the quartic theory

The previous analysis shows that in the case of a single D-instanton the moduli space is
parametrized by the following zero-modes:

M1 = {CEH, 90‘,;/} (3.13)

and that the superspace coordinates appear in the moduli action only through the dynam-
ical gauge fields on the D7-branes. From the scaling dimensions of the moduli (3.13) we
easily prove that the dimension of the measure for the moduli space integral corresponding
to this configuration is given by

8—N

(nzf%ngfén/) S
[dezl} -y W) — (3.14)

where we have used the string length /3, = v/27a/ as unit of measure, and denoted by n,,
ng and n, the numbers of =, # and p’s. This calculation can be generalized to the case of
an arbitrary number k of D-instantons and the result is'?

E(8=N)

[de} =0 7. (3.15)

Therefore, in order to compensate for these dimensions the overall normalization of the
k(N—8)

instanton measure must contain a factor of ¢4 2

which, together with the classical ac-
tion (3.9), implies that the non-perturbative contributions of this D7/D(-1) system are

proportional to
k(N=8) ok

by 2 e 9 . (3.16)

ONotice that for arbitrary k it is necessary to introduce suitable auxiliary moduli that disentangle the
quartic interactions in the action (3.10) of the neutral moduli. It turns out that the only dimensionful
new parameters that are introduced in this way are seven auxiliary moduli D; (i = 1,...,7) which have
dimensions of (length) ™2 and transform in the anti-symmetric representation of SO(k). These D;’s play in
the present case the same role that the three auxiliary moduli D. play in the D3/D(-1) system [12].
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In general, the contribution to the D7-brane effective action from the sector with &
D-instantons is obtained, as usual, by integrating over the moduli with an exponential
weight given by the field-dependent moduli action:

k(N—8)

Séff)(q)) =l ? /de d89/dﬂ/1\k e27riTk+S1+Sz+i7rtr(“,u/cb,u/)’ (317)

where M\k denotes the centred moduli (i.e. all moduli but z and #) and the last term in
the exponent is the generalization of the field-dependent part of (3.12) to arbitrary k. For
N = 8, by simple dimensional analysis the non-perturbative effective action (3.17) takes
the schematic form
k TiT
S®) (@) = ¢, 2k / a5z 40 [0 (3.18)

where ¢, are numerical coefficients and the symbol [®4] (k) denotes a gauge-invariant combi-
nation quartic in the superfield ¢ arising in the k-instanton sector. The explicit expression
of such invariant and the coefficients ¢; are determined by the integration over the centred
moduli .//\/\(k Performing this integration and translating the result in heterotic variables
would give a stringent test of the duality between the Type I’ theory and the heterotic
string compactified on Ty [22]-[27]. We leave this task for future work.

As is clear from (3.15), for N = 8 the measure d My, is always dimensionless. The
N = 8 case resembles thus the N' =4 SYM theory in d = 4, where the ADHM instanton
measure is dimensionless for any instanton number. Since this property of the ADHM
measure is strictly related to the vanishing of the (-function and hence to the conformal
invariance at the quantum level of the N = 4 SYM theory, we are naturally led to conjecture
that the dimensionless character of dM, points to the fact that the D-instantons inside
the D7-branes of Type I’ describe non-perturbative configurations of an eight-dimensional
conformal gauge theory. The relevant action for this theory cannot be the usual SYM
action, which in d = 8 is not even conformal at the classical level, but an obvious candidate
exists: it is the quartic action Sy given in (2.16) plus its supersymmetric completion.
This term appears naturally in the expansion in powers of o/ of the non-Abelian Born-
Infeld (NABI) action of D7-branes, as shown in (2.5); it has a coupling constant A, given
in (2.9), which is dimensionless, and it is conformal at the classical level. On this basis
we can therefore argue that the correct scaling with o/ to be considered for a field theory
interpretation of the D7/D(—1)-brane system is the one in which the dimensionless coupling
A of the tgF* term, and not the Yang-Mills coupling gy, is held fixed.

4 One-loop amplitudes

In order to support the interpretation of the D(—1)-branes as a particular configuration of
the gauge theory living on the D7-branes, and in particular of the quartic action (2.16),

I First, in section 4.1 we compute the one-loop vacuum

we perform two calculations.
energy due to the open strings with at least one-end point on k D-instantons and find

agreement with the calculation of the scaling dimension of the measure on the moduli

HEor simplicity in this section we set Co = 0.
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Figure 1. @) The annulus with D(-1) boundary conditions, indicated by the dashed line. b) The
Mobius diagram obtained with the insertion of the O7 projection (2.

space of the D7/D(-1) system given in (3.15); second, in section 4.2 we compute the one-
loop vacuum energy of N D7-branes in a constant background field F and, after extracting
the contribution proportional to F* we find a perfect matching with the instantonic one-
loop amplitude previously determined. From these calculations we are able to extract also
the renormalization properties of the quartic coupling A defined in (2.9) and show that it
does not run for N = 8.

4.1 Type I’ instantonic amplitudes

The one-loop vacuum energy I'p_;) of k£ D-instantons in presence of N D7-branes
is given by
-1y = Zp(=1) + Zp(-1)/D7 + ZD7/D(~1) (4.1)
where Zp(_1) is the contribution of the unoriented open strings attached to the k D(-1)-
branes, while Zp(_1)/p7 and Zp7/p(—1) are the contributions of the open strings stretching
between the D-instantons and the D7-branes or viceversa.
The one-loop vacuum energy Zp_) has the following schematic form

> dt 1+Q I 1
Zp(-1) = /0 5 TrD(-1) <T Paso q “) =3 (AD(—n + MD(—1)> ; (4.2)

where Pgso is the GSO projector, ¢ = exp(—2nt) and the trace Trp(_1) is computed over
all open string states with D(—1) boundary conditions. As usual, we can decompose the
unoriented amplitude Zp_1) as the sum of an annulus diagram, depicted in figure la),

o dt
-AD(—l) = /0 % TTD(—1) (PGSO qLO) ) (4.3)
and of a Mobius diagram, represented in figure 1b),
 dt
Mp_1 :/0 % Trp(_1) (2 Paso ¢°°) | (4.4)

which we now evaluate in turn.
The calculation of the annulus amplitude is completely standard and the result is

K2 [dt 05(0]it) \ * 04(0]it) \ * 05(0]it) \
Avy =g [ ?t[(*ﬂe'l(owit)) - (o)~ (i) |0 @9
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Here 6,(z|it) (a = 1,...,4) are the Jacobi f-functions, ¢ (0[it) = (9Z91(z|it){zzo, and W(t)
represents the sum over the winding modes in the two compact transverse directions,

Wity = >

(r1,r2)€Z?

given by
" Iry +roUI2 Ty
Uz

(4.6)

with U = U;+iUs and T' = T +iT5 being, respectively, the complex and Kahler structure of
the 2-torus. The three terms in the square brackets of (4.5) are the contributions of the non-
zero modes in the NS, NS(—1)¥" and R sectors; furthermore the average over the two orien-
tations of the (—1)/(—1) strings has been explicitly taken into account in writing the overall
coefficient. Due to the aequatio identica satis abstrusa obeyed by the f-functions, we have

Ap1)=0. (4.7)

Also the contribution of the Mébius diagram (4.4) can be easily computed, but some
care must be used in evaluating the contribution of the R(—1)f sector. Indeed, since
the orientifold reflection is due to orientifold O7 planes, the fermionic zero-modes of the
(—=1)/(—1) strings contribute to the odd spin structure [53]; in particular, they give opposite
results for the two string orientations, as explained in detail in [49, 50]. Taking all this into

[ 04(0fit + 1) ! 05(0fit + 1) t
0 <92(0|it+%)> - (92(0lit+%) S

i <e4<orit+%>>4_16 <03<0\it+%>>4+1 Wi

account, we have

k [ dt
Mp-1) = —5/%

N |

02(0)it + 1) 02(0]it + 1)

(4.8)
The two lines above correspond to the two different orientations, the three terms in the
square brackets refer, respectively, to the NS, NS(—1)¥ and R(—1)* sectors, and the factors
of 16 are introduced to compensate the 2% factors brought by (f2)*. Summing the various

terms in (4.8) and using the abstruse identity, we have'?
dt

Let us now consider the contributions to the one-loop vacuum energy of the open
strings stretching between the N D7 branes and the k D-instantons, located at the same
orientifold fixed point.'® These contributions correspond to the mixed annuli diagrams

represented in figure 2.

12When interpreted in the closed string channel, the Mobius amplitude (4.8) receives contributions from
the exchange between the D(—1) boundary states and the crosscaps located at all the four orientifold fixed
points. Thus, from this point of view this expression does not possess a truly local interpretation.

13The complete and fully consistent expression of the instantonic vacuum amplitude should include also
the annuli with one boundary attached to the D7 branes located at the other fixed points. These are
important for the infrared properties in the closed string channel, but do not affect the infrared divergence
in the open string one.
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I ‘
Figure 2. The one-loop diagrams with different conditions on the two boundaries. Both orienta-
tions, exchanged by €2, contribute. The solid line indicates the D7 boundary.

In such diagrams the open strings have mixed ND boundary conditions along the eight
non-compact directions and DD boundary conditions along the two compact ones. For one
string orientation the vacuum energy has the following schematic form

> dt 1+0
Zp7/D(-1) = /O o 1rD7/D(-1) (T Paso qL°> : (4.10)

Since 2 maps a state of the 7/(~1) sector into one of the (-1)/7 sector, it does not contribute
to the trace in (4.10), and we left with just one half of the annulus contribution. In this
amplitude the odd spin structure must be carefully evaluated, along the lines of [49, 50] to
which again we refer for details, and we find

Nk [dt [1[/6:00)\* [63(0it)\*
Z n=— | = <= — -1 t 4.11
D7/D=1) — 79 /Qt {2 [(04(oyit) 6.4(0lit) W) (4-11)
The three terms inside the square brackets correspond respectively to the NS, R and

R(—1)¥ sectors, while there is no contribution from the NS(—1)¥ sector. For the other

orientation, we find instead

_NE fdt [1]/6:(0li)\* [05(00it)\"
ZD(—l)/D7_T/2_t {5 [(64(0]it)> _<94(0\it)> o

which is zero due to the abstruse identity of the #-functions. Adding the two ampli-

W(t)} (4.12)

tudes (4.11) and (4.12), and using again the abstruse identity, we find

NEk dt
Zp7/D(~1) + ZD(~1)/D7 = 5 / o W(t) . (4.13)

Summing the various contributions, we easily find that the total one-loop vacuum

oy = FEZN) / e (4.14)

energy (4.1) is given by

2 2t
which vanishes for N = 8. This result is in perfect agreement with the calculation of the
scaling dimension of the measure on the instanton moduli space of the D7/D(-1) system,
presented in section 3.3. Furthermore, from (4.14) we can read that the one-loop action of
the brane system in the background of a single D-instanton is

- N —8 [ dt
1—loop __ o ot
Sk = Ty =0 /0 TWG) (4.15)
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This is to be regarded as the one-loop correction to the tree-level classical instanton ac-

tion (2.10) at Cy = 0, which in the sequel we will denote by Sg(efl).

4.2 Background fields vs D-instantons

We now consider the D7-branes in another gauge configuration which is tractable at the
string level, namely an abelian constant background. To remain general, we consider
here an SO(NN) configuration, even if in the specific applications we have in mind we set
N = 8 for local tadpole cancellation, as discussed in section 2. We thus turn on a constant
magnetic field along, say, the directions 2 and 3, and take

F23 = —F32 = .7:, FMV =0 for w, vV 7& 2,3 . (416)

In color space, this field can be diagonalized in the form

.

F= ﬁdlag(lfl,lfg,...), (4.17)
with the eigenvalues f; (i = 1,... N) being paired into couples of opposite value. We have
therefore

i 1
T F = = TrF2=— — 2
r F 27m/2f 0, r F 2ra)? Zi:f@ )
1
Tr F3 = =0, Tt Fl=— L 4.18
vz (27a/)3 Z Ji vz (2ma/ )t ZZ: /i (4.18)

For such a configuration, the expression (2.6) simplifies to
3
Tr(tsF*) = 5 Tr Fi, (4.19)

while the topological term (F' A F'A F' A F) vanishes, so that the quartic action (2.16)
reduces to

‘/8 4 V 4
_° T = T 4.2
Tox T = g, T (4.20)

where Vg is the (regularized) world-volume of the D7-branes. Recalling the expression of

Sge(F) = -

the classical instanton action, we can write the following relation

V ree
1 I FSBey - (4.21)

S () =
In the following we will extend such a relation at the one-loop level. To this end we first
compute the one-loop vacuum energy of N D7-branes of Type I’ in the background (4.17).

This vacuum energy is schematically given by

dt 1+Q
Zp7(F) =/ 5 DF (—2 Paso q" ) (4.22)
0

where the trace Trz is computed over the space of all open string states attached to the D7-
branes in the presence of the field F. Such a space separates into N2 sectors with boundary
conditions at o = (0, 7) determined by the values (f;, f;). These boundary conditions are
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of NN type in the directions 1,4,5,6,7,8, and of DD type in the directions 9,10, while in
the complex direction z = (22 + iz)/v/2 where there is the background field the string
coordinate z(z, Z) obeys this twisted boundary conditions

0x|g=0 = e%i”iéﬂozo , O0T|g=g = 62”1V15x|0:7r , (4.23)
where 7v; ; = —arctan f; ;. The field z(z, Z) can be expressed as
1 .
x(z,2) =z + 3 (X (2) +e*™i X (2)] (4.24)

in terms of a twisted chiral bosonic field X (z) satisfying
X(e27riz) = e27riyin(Z) ,  with Vij =V; —Vj . (425)

Similarly we can treat the corresponding world-sheet fermionic field ¢ = (¢? 4 i3)/v/2,
in its NS or R sector (see, for instance, [54] for details).
Since world-sheet parity acts by exchanging the boundary conditions, according to

Q (I/Z‘7I/j) — (—Vj,—Vi), (426)

the term in (4.22) with the € insertion contributes to the trace only when v; = —v;, that
is when f; = —f;. The free energy Z(F) can thus be rewritten as

Zor(F) = 5 <Z Alfis £5) + Y MU —f») , (4.27)

having denoted by A(f;, f;) and M(f;,—fi), respectively, the annulus and the Mobius
diagrams in a specific sector.

The calculation of the annulus amplitudes in an external field is completely standard
(see for instance [55]) and its explicit expression is

> dt

A(fz, f]) = /0 Q_t Tr(fhfj) (PGSO qLO) (428)
4

iVs fi— /°° dt |1 Ou(ivitlit) (. 0a(0]it)\®
= — |z -2
(%WPM%’02ﬁ2§¥WM%W) "o (0fit) W),

with @ = 2,3,4 corresponding, respectively, to the R, NS and NS(—1)!" sectors (hence

s9 = —1, s3 = 1 and s4 = —1). In the above expression, the #-functions represent the
contribution of the non-zero modes of the various string fields; on the other hand a factor
of 1/(87%a't)? arises from the momentum integration over the six NN directions, while the
non-commutativity of the zero-modes in the twisted directions leads in the end to a factor
of i(f; — f;j)/(4m%a’). The last term W(t) is as in (4.6) and represents the contribution of
the winding modes along the two compact DD directions.

We are interested in the expansion of A(f;, f;) up to quartic order in the f’s. To obtain
it we first expand the even #-functions appearing in (4.28) in powers of v;;, namely

1 1
%mmm:%mm_?@%ﬁmm+ﬂ@%ﬁmm+m (4.29)
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where 9&”) denotes the n-repeated derivative of 6, with respect to its first argument. When
we substitute this expansion into (4.28), we immediately see that the terms proportional
to 0, give rise to an expression proportional to the abstruse identity

4
> 5a0a(0fit) =05 (4.30)
a=2

we can therefore forget about them. Similarly, the terms proportional to 9&2) enter in (4.28)
only through a combination which vanishes identically due to the following #-function
identity (see appendix C):

4
> 52 0(0lit) 64 (0]it)* =0 . (4.31)

a=2

We are then left with only the terms involving 9&4), which are already of quartic order in
the f’s since v;; = —(fi — fj)/m + O(f?). This means that in (4.28) we can make the

following replacement

0u (v tit) (i — )" 07 Ofit)

i) 01 (it it) IR S AGH) O(f*) (4.32)
thus getting, up to quartic order in f,
Vo (fi— £\ rodt [1< 089(0]it) 0,(0]it)3
AU J3) = a8, ( 2ma’ > /0 21 [623“ 0] (0]it)* W) - (4.33)
Using the #-function identity, shown in appendix C,
4
> 52059 (0]it) 64 (0]it)* = 367 (0]it)*, (4.34)

we see that the quantity in square brackets reduces to 1/2, so that we finally have

Vi = f\? dt
A(fi,fj):ﬁc%(j])/o 7 W) - (4.35)

The sum of annuli amplitudes appearing in (4.27) can then be rewritten in terms of the
traces of the matrix F using (4.18), getting

ZA fir £3) = 155 4[NTr}'4+3(T F?) }/0 ‘; W(t) . (4.36)

Let us now consider the Mébius diagrams M( f;, — f;). The action of 2 on the oscillators

of the string which has v; = —v; and twist 2v; is the same as in the standard NN directions.

—27t

As a result, the insertion of {2 has the net effect of sending ¢ = e — —gq, or equivalently
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it — it + %, so that from the annulus amplitude (4.28) we can immediately obtain the
corresponding Mdbius expression, namely

Mfief) = [ 5 T (@ Poso ™) (4.37)
Vs 2f; /oo dt [1i Ha(2iuit|it+%)<_2 Ha(0|it+%)>3]W(t)

—— — = S ™
(8m2a/)3 4m2o/ 2t4 < 01 (2iwgtit + 3) 0, (0lit + 3)

2

a=

where the overall sign has been chosen to be consistent with the action of {2 on the Chan-
Paton factors of the 7/7 strings as given in (2.2). The shift it — it + 1/2 in the second
argument of the f-functions does not affect in any way the manipulations we performed
in evaluating the annulus amplitudes: indeed, both the expansion in powers of f and
the 6-function identities to be used refer only to their first arguments. We can therefore
immediately write, up to O(f?),

4 roo
Mip=1) =g (o) [ 5. (1.39)
Summing over all Mobius diagrams and using the trace formulas (4.18) gives us
;M(fi, —fi) = — 12?4 TrF? /OOO Z—i W(t) . (4.39)
Inserting the annulus and the Mébius amplitudes (4.35) and (4.39) into (4.27), we have
Zp7(F) = 252—84 [(N — 8) TrFh + 3(Tr.7—"2)2] / T + o . (4.40)
m o 2t

We get therefore the following one-loop contribution to the single trace quartic action

___ % (N—8)Tr}'4/ at

SHIP(F) = — Zpo(F - —
( ) D7( ) quartic 25674 0 2t

(4)

W(r) . (4.41)

Comparing this expression to the one-loop action of the D7-branes in the background of a
single D-instanton derived in the previous section (see eq. (4.15)), we obtain
Vs

1—loo 4 al—loo
5(4) p(j:) = _W Tr F SD(—l)p’ (442)

which is the one-loop extension of the tree-level result written in (4.21). What we have
found is a generalization to the quartic term of the relation between instantonic one-loop
amplitudes and gauge threshold corrections to the quadratic action, originally found in [47,
48] and further elaborated in [49, 50]. The relations (4.21) and (4.42) express the equality
of the quartic coupling A computed in two different backgrounds: the constant background
F and the D(-1)-background. Furthermore, adding the one-loop contribution (4.41) to
the corresponding tree-level expression (4.20) amounts to renormalize the coupling of the
quartic action (2.16) according to

1 1 N-8 [®dt
LR O 4.4
M T e /0 5 V) (443)
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The integral appearing in the one-loop contribution is divergent both in the IR region,
t — oo, and in the UV one, ¢ — 0. It can be treated as described, for instance, in appendix
A of [49], along the lines indicated in [56]. The divergence for t — 0 is associated to massless
exchanges in the closed channel, reached upon Poisson resummation, and is absent when
tadpole cancellation holds (which is actually the case when N = 8). Here, we are interested
in the IR divergence, due to the massless open string states circulating in the loop, which

we regularize in terms of a mass scale p obtaining

° dt 1
/ — W(t) — —=log(a/p?) + - -- (4.44)
2 2
eq. (4.43) can therefore be interpreted as a definition of the running coupling A(u):
)\4
AMp)* = , 4.45
W =17 S A log (o pi2) (4:45)

with the original coupling A being defined at the scale 1/ Va!. The one-loop S-function
corresponding to (4.45) reads

_OlogA(p) = 8—-N

_ 4

and we can introduce a renormalization group invariant scale A at which the running
coupling diverges given by

1 1674

A= ¢ G-NN = (=l R (4.47)

2ma/

Thus we can conclude that the prefactor (3.16) appearing in the instanton calculus with D7
and D(—1)-branes can be expressed in terms of this renormalization group invariant scale as

AR (4.48)

in strict analogy with the usual instanton calculus with D3 and D(—1)-branes. Clearly

for N = 8 all dimensional factors drop out and one is left with only the classical factor
27k .

e o (or e™7* when Cjy # 0), similarly to what happens for the instanton contributions

in N/ =4 SYM theory.

In conclusion, we have shown that the one-loop renormalization of the quartic coupling

A can be computed alternatively either utilizing a constant background field or assuming
that the D-instanton represents the string realization of a classical configuration for which
the quartic action S(4) reduces to the instanton action Sp(_1).

5 Eight-dimensional instantons

As discussed in sections 2 and 3, the D(-1)-branes in our system are related to some
instanton-like gauge configuration in eight dimensions that satisfies the relation (2.19)
between the quartic action and the fourth Chern number. Here we briefly review the known
solutions to this constraint and argue that the SO(8) instanton discovered in [32, 33] is

singled out for our purposes.
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5.1 Linear instantons

One possibility to impose the constraint (2.19) is to exploit the relation between tg, es
and the octonionic projectors PljE and P2jE discussed in appendices A and B. In particular,
consider the relation (see eq. (B.9))

té“ ...... Hs _ 5 6;8L1 ...... s (P2+ o Pl—l—)ﬂIHQ . (P2+ — Pl'i_)l‘ﬂlfS Egl ------ vg (51)

vivo o vrrg
and take a gauge field F' belonging to Ker(P;"), namely such that

(PO B =0 (P2 F L, =Fo, . (5.2)

1Z8%) Vv

Then, from (5.1) we obtain

. F

...... 1 ..
tgl " F, g " F, prps T Egl v FV1V2 T FV7V8 ’ (5'3)

papz " Eprps = 9 8 Hip2
from which the relation (2.19) immediately follows. Using the explicit expressions of the
projectors P and P given in (A.9), we can rewrite the conditions (5.2) as

1
Fu + 5 Cilopo FP7 =0 (5.4)

where Cf,,,, is the anti-symmetric four-index tensor constructed from the octonionic struc-
ture constants. This is precisely the equation solved by the Fubini-Nicolai instanton [30].
This is an instanton-like configuration with a SO(7) rotational symmetry and, if embedded
in a supersymmetric context, it preserves 1/16 of supersymmetry as shown in [38]. These,
however, are not the symmetries of the D7/D(—1) system we are considering, which is
SO(8) invariant and 1/2-BPS. Thus, even if it satisfies the required constraint (2.19), the
Fubini-Nicolai instanton is not related to a D-instanton inside a D7 brane.

It is worth to point out that eq. (5.4) is just an example of more general linear relations

of the type
1
F, + 3 Ty pe FP7 =0, (5.5)

where T' is a constant anti-symmetric tensor, which were studied in [29] as analogues
in d > 4 of the standard self-duality relation satisfied by the usual gauge instantons
in d = 4.1 These linear instantons satisfy the Yang-Mills field equations DFE,, =0
as a consequence of the Bianchi identity, and in general they may be classified by the
unbroken rotational symmetry and the possibly unbroken supersymmetry. As shown
in [38], besides the SO(7)-invariant Fubini-Nicolai instanton we have mentioned above, in
d = 8 there exist other linear instanton configurations that satisfy the constraint (2.19):
these configurations are v-BPS, with v = N/16 for N = 2,...,6, and are invariant under
SO(N) ® SO(8 — N). Also in these cases, the unbroken (super)symmetries do not match
those of the D7/D(~1)-brane system.

Another possibility to solve the constraint (2.19) is to consider a gauge field that be-
longs to Ker(P;"), so that the relation (5.3) is still satisfied. This is again a linear instanton

Tn d = 4 the usual gauge (anti)instantons satisfy (5.5) with Tywpo = F€pmpo-
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configuration of the type (5.5) with Ty = —3 C/} o This background breaks the SO(8)
rotational symmetry and, according to the arguments of [38], it cannot be promoted to a
BPS configuration in a supersymmetric context. Nevertheless, it is interesting to point out
that in this case the 4-form (F' A F') is self-dual, i.e.

(F A R)fIIEs — — ammlis (B A F) = x(F A F)rersh (5.6)

5 146 17 148
This observation suggests that in order to impose the constraint (2.19) one may look for
gauge field configurations that satisfy the self-duality relation (5.6), which is another way
to generalize to d = 8 what happens for the usual gauge instantons in d = 4. This is what

we will describe in the next subsection.

5.2 The SO(8) instanton

The so-called SO(8) instanton [32, 33] corresponds to the following field configuration in
d= 81
af v

[A(2)]* = L;;”l = (5.7)
where p is an arbitrary parameter representing the instanton size and r? = x,x*. Notice
that the anti-symmetric pair a3 of spinor indices label the adjoint representation of SO(8),
but, for simplicity, they will be often omitted in the sequel. Notice also the complete
similarity between (5.7) and the SU(2) instanton in d = 4 in the regular gauge: the only
differences are in the range of the space-time indices and in the group structure since in the
four-dimensional case one finds the chiral spinorial generators of SU(2) € SO(4) in place
of those of SO(8). The field strength corresponding to (5.7) is

2 p?

Fu(z) = 0,A,(z) — 0, Au(z) — [Au(x)’AV(x)] - _m%w’

(5.8)
and satisfies (F A F) = *(F A F) as a consequence of the self-duality relation of the 7,
matrices (see eq. (A.24)). The covariant derivative of this field strength reads

DyFyp(x) = 0uFyp(z) — [Au(z), Fyp(a)]
4p? (5.9)

- m (2%‘7’4) = T You + TpYop + O Voot — 5up7uox0) )

from which, in d dimensions, it immediately follows that

4(d — 4)p?

DFF,, (z) = 7(7"2 el

Y . (5.10)

Thus, the eight-dimensional SO(8) instanton (5.8) is not a solution of the Yang-Mills
equations, in contrast to the linear instantons considered in the previous subsection.

5For an anti-instanton one has to replace 7, with 7,,. In the following, for definiteness we will consider
only the instanton case.
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In a supersymmetric context, the SO(8) instanton describes a 1/2-BPS configura-
tion [39]; in fact by evaluating the gaugino supersymmetry transformation

1
0N =5 FuTH e (5.11)

in the background (5.8) and taking into account its chirality, one finds

2
(M) o (rfziipaz (628 — 696, S(As)* =0. (5.12)
The supersymmetry transformations associated to anti-chiral parameters €% are then un-
broken while those associated to chiral parameters €% are broken. The field configura-
tion (5.8) has then the same (super)symmetries of the D7/D(—1)-brane system of Type I’
we have described in the previous sections, and is naturally singled out for our purposes.
Notice that the expression (5.11) is the supersymmetric variation for the usual Yang-
Mills action and that it is corrected when the quartic action is taken into account. However
on the SO(8) instanton background it is the full answer as shown in [39]. This instanton
solution was originally proposed in [32, 33] as a classical configuration that minimizes the
quartic action [d®zTr(F A F)%. Later it was realized [34, 39] that it also minimizes the
quartic action S(4) given in (2.16) or equivalently that it satisfies the constraint (2.19). To
see this, let us start from the relation (see eq. (B.7))

1
tg = —5 egs +14+, (5.13)

and exploit the properties of the v, matrices (see in particular eq. (B.10)) to show that

til ------ re F,ususFﬂWB =0, (5-14)

which in turn implies that
1
tgFt = -5 esF . (5.15)

Let us now evaluate the quartic action on this instanton configuration. Working for-
mally in d dimensions, after some straightforward algebra we have

202 \'/ 1 _
Tr(tsF*) = (~ 5 r—g ) (—gdld=1)(d—4)(7d-11)) (2271) . 5.16
(65) = (~ s ) (—sdla- 1@ - 9(a-1) (516)
The three factors above arise, respectively, from the fourth power of the instanton form
factor, the algebra of the 7,, matrices, and the trace over the gauge indices which, with
the Ansatz (5.7) correspond to those of a Weyl spinor in d dimensions. Using

8 21 (8 — d/2)
L= | d P = -8 1

and setting d = 8, we finally obtain
1 g 4 2m
- W/d zTr(tsF*) = —, (5.18)

9s
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which together with (2.19) implies that ¢4y = 1. We can thus conclude that for the
SO(8) instanton

5(4) == SD(—l) . (519)

Let us now briefly discuss the réle of the fermionic sector of this instanton configuration.
As one can see from the supersymmetry transformations (5.12), there is a non-trivial profile
only for the chiral part of the gaugino and this is given by

2
p
(A,)* = CEE (690" =5 n") (5.20)
where 7 is an arbitrarily normalized fermionic parameter carrying a chiral spinor index
which can be taken to label the fundamental representation of SO(8). We then consider
the fermionic terms which supersymmetrize the quartic action S(4). Among them, the
relevant one for our purposes is

. C

v d®z Tr(F F*™ A [¢,A]) (5.21)

where the complex scalar ¢ is the lowest component of the chiral superfield ® defined
in (2.4) and ¢ is a numerical coefficient. We observe that (5.21) descends from the term
Tr(FMNFMNX I‘PDpx) in the NABI action in d = 10, which is usually not written since
it is proportional to the Dirac equation of motion. However, we know that this term is
present and has a non-vanishing coefficient ¢ since it is found in the abelian Born-Infeld
action. Despite the fact that the ten-dimensional term is vanishing on-shell, it can give
a non-zero contribution in d = 8 if one considers a constrained instanton for which the
Dirac equation (or its dimensionally reduced counterpart) does not hold. This is indeed
what happens when we take the SO(8) instanton in presence of a non-vanishing vacuum
expectation value for ¢, i.e. (¢*7) = gbgﬁ . If we now insert the gauge field and gaugino
profiles (5.8) and (5.20) in the action (5.21), we get, up to a numerical factor which we
absorb in a redefinition of c,

i tngen | d8 _r (5.22)

e 1eon m(,r2_|_p2)8' :
Evaluating the integral using (5.17) for d = 8 we see that all dependence on p drops out,
and clumping again all numerical factors in ¢, we finally have

. C
17Tg— “Neon . (5.23)

S

Writing n = +/(gs/c) ¢/ we can put this term in precisely the same form of the fermionic
part of the D-instanton moduli action derived in section 3.2. We therefore conclude that the
SO(8) superinstanton completely accounts for the D(-1) action Sp_1)(®) given in (3.12),
when the vacuum expectation value ¢q is promoted to the full-fledged superfield ®(x, ).
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b) fi

D7 \

Figure 3. a) The emission of the gauge field from a mixed disk in the D3/D(~1) system explains
the classical profile of the instanton. b) In the D7/D(-1) system, no emission diagram for the gauge
field is found, owing to the absence of the w moduli. There is only an emission diagram for the
scalar ¢, involving the fermionic moduli p.

6 An almost vacuum configuration

The SO(8) instanton we described in the previous section has a free parameter p cor-
responding to its size. In the four dimensional case, the size is one of the parameters
encoded in the moduli wg of the ADHM construction. As we have discussed in section 3.1,
the D7/D(-1) string does not possess the vertex operators corresponding to these mod-
uli. In this section we consider the consequences of this absence on the field configuration
associated to the D(—1)-branes.

In the D3 case, the correspondence between D-instantons and gauge instantons is
made very explicit by the fact that the D(-1)’s represent the source for the classical
instanton solution [12]. From the diagram represented in figure 3a), one gets (in the SU(2)
case, for c(p) = 1)t6

. v v
[Au@)]" = 0 (G) % 07 T = 0 (@)™ (6.1)
In the second step above, using the ADHM constraints, the moduli dependence has been
re-expressed in terms of the size p, which is related to the w and w moduli by

20% = 0% w . (6.2)

«

Eq. (6.1) represents the leading behaviour for large distances, i.e. for r2/p? — oo, of
the instanton solution in the singular gauge
2 = v
P70 T
A(r) = ———— . 6.3
M( ) 742 (742 i pg) ( )
Subleading orders of the large-distance expansion are provided by considering more and
more source terms of this kind.
In absence of the source represented by the diagram in figure 3a), no classical instanton
profile of the D3 gauge field would be associated to the D-instanton. This, however, is

1We use the same notations adopted in [12].
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exactly the situation which occurs in the D7/D(-1) system: there are no bosonic moduli
w and w from the NS sector of mixed D7/D(-1) strings, and no emission diagram for the
gauge field like the one of figure 3a) can be constructed. The only diagram describing the
emission of a D7/D7 field is the one in figure 3b): it acts as a source for the scalar ¢ and
contains only fermionic moduli.

This simple fact seems to imply that the classical instantonic configuration of the gauge
field on the D7 branes associated to a D(~1) vanishes, except at the location of the D(-1)
itself. The only possibility is that the sought-for configuration is represented by the zero-

size limit p — 0 of the SO(8) instanton configuration we singled out in the previous section.

7 The field theory limit and the vanishing of higher a’ corrections

To complete our analysis we now discuss the interplay between the zero-size limit p — 0
of the SO(8) instanton configuration and the limit o/ — 0.

At the string level, the effective action of the D7-branes is the full NABI action: this
is organized as a series of contributions with increasing powers of o, the first few of which
are given in eq. (2.5) that we rewrite here for convenience:

/

1 8 2 1 8 4y, @ 8
SD7:M/d :UTr(F )_967T393/d xTr(tgF )—i—g— d*x L5)(F, DF) +--- .

S
(7.1)
In order to keep the quartic term and describe the effects of the D-instantons in the field

theory limit, we should take the limit o/ — 0 with g4 fixed. This is dangerous because
the quadratic Yang-Mills term in (7.1) naively explodes being proportional to 1/(a/)2.
However, it is easy to show that on a solution like the SO(8) instanton which is localized
within a region of size p, the Yang-Mills action vanishes in the zero-size limit. Indeed,
inserting the field strength (5.8) into Syy and formally working in d dimensions, we get

4

d(d — 1)/ddx (r?ii;ﬂ)ﬂt . (7.2)

2d/2—1
32moa/? g
For d — 8 the integral is divergent and we have to regulate it. For instance, using an
explicit cut-off R, we get a result proportional to

o

a’? g

log (p/R) (7.3)

whereas if we use dimensional regularization setting d = 8 — 2¢, up to numerical factors

4
p <1+ﬁnite> . (7.4)
€

0/2 Js

we obtain

In both cases, we clearly see that by taking the limit p — 0 before removing the regulator,
the Yang-Mills contribution vanishes. It is interesting to note that the same thing happens
also for the quadratic fermionic terms which supersymmetrize the Yang-Mills action. In
fact, by inserting in [ dBx Tr(A [¢,A]) the gaugino profile (5.20) and giving a vacuum
expectation value to the scalar field ¢, we obtain the same integral as in (7.2), so that also
the quadratic fermionic contribution vanishes in the limit p — 0.
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This analysis of the Yang-Mills action shows that in order to associate a classical field
configuration to the D7/D(~1)-brane system, one has first to take the limit p — 0 of the
SO(8) (super)instanton, and then take the limit o/ — 0 (with g, fixed). Of course, this
limiting procedure has to be consistent also on the other terms of the NABI action. As
discussed in section 5, the quartic term does not create any problem in this respect because
it produces structures which depend neither on o/ nor on p. On the other hand, by simple
dimensional analysis, the contributions to the NABI action (7.1) of higher order in «/,
when calculated on the SO(8) instanton, give rise (in d dimensions) to a series of the form

e o \"
S (%) (75)
n=1

where for instance the coefficient a; is determined by evaluating the integral of the quintic
Lagrangian £®) (F, DF') on the instanton solution. Since we have to take the point-like limit
p — 0 before the field-theory limit o/ — 0, for the consistency of the whole construction
it is necessary that the coefficients a, be zero, i.e. it is necessary that all higher order
contributions in the NABI action vanish when evaluated on the SO(8) solution. However,
as the NABI action is not known in a closed form, one can only check the first coefficients
of the expansion (7.5).

Before performing such checks, it is worth recalling a few facts about the structure of
the NABI action. The quartic term in (7.1), which is of order O(a'?) with respect to the
Yang-Mills one, was computed long time ago by Tseytlin [45] starting from the evaluation of
4-point string amplitudes. In this seminal paper it is clearly discussed how the identification
of the effective action through on-shell amplitudes is inherently ambiguous with respect
to the presence of terms proportional to D*F),,. The structure Tr (tgF 4) of the quartic
Lagrangian corresponds to a “minimal” scheme in which terms of this type are absent,
and can be related to other schemes by field redefinitions. This same ambiguity obviously
persists in the subsequent higher-order terms. A way to fix this ambiguity can be to insist
that the bosonic NABI action should admit an off-shell supersymmetric extension; this
indeed singles out the minimal form of the quartic Lagrangian Tr (tgF 4) as shown in [57—
59]. This procedure has been extended in [40] also to the terms of O(a/3), i.e. to the quintic
Lagrangian £®)(F, DF) appearing in (7.1), which in this way is determined to be

3
,C(5) = % Tr {4[FM1H2’F;L3M4] “FMMS,FHQ‘%],FM4M5} (76)

+2 [Fuluza FHSM] [[FMM’ FHSHS] ’ FM%] + 2[FH1N2’DH5FMN4] [D%FMHS’ Fﬂ3ﬂ4]
—2[F,

H1p2> DM4FM3M5] [DIM FM2M5’ FM1M3] + [FM1M2 ’ DM5 FM3M4] [DM5 FM1M2 ) FM3M4] } '

It is natural to consider this quintic Lagrangian as the first string correction to the minimal
quartic Lagrangian Tr (tgF 4), since its structure is fixed using the same guiding principles.
For this reason the Lagrangian (7.6) is singled out among the various proposals for £
existing in the literature.

Plugging the instanton profiles (5.8) and (5.9) into 2‘—; [dBx £®) and working formally
in d dimensions, after straightforward algebraic manipulations that we performed with the
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help of the XCadabra program [60, 61], from (7.6) we find

&' C3) gajoro( 4 B B d,, p"
= (- dta-1)@-2d-9) / R el -
+(d—1)(d—2)(d—4)(d+ 2)/ddm ﬁ) .

The first line represents the contribution of the F® terms, while the second stems from the
(DF)?F? ones. Performing the integrations, in the end we remain with

o' ¢(3) 9d/2+9 /2 I'(9—d/2)

9s 9! plo_d

(d—1)(d—2)(d—4) (—d <9—g> +(d—|—2)g> . (7.8)
so that the coefficient a; in (7.5) takes the form
a; x d(d—1)(d—2)(d—4)(d—-38) . (7.9)

We therefore see that the O(a/) corrections vanish on the instanton Ansatz (5.7) for d = 8.
We believe that this is a very non-trivial check of the consistency of our picture in which
the zero-size limit of the SO(8) instanton is identified as the field theoretical counterpart
of the D7/D(~1)-brane system.

It is curious to notice that the coefficient a; vanishes for d = 1,2,4,8 which are
the dimensions of the four division algebras over the reals, namely the real, complex,
quaternionic and octonionic algebras. These algebras are related to the four fundamental
Hopf maps, which physically describe, respectively, the kink solution of the Sine-Gordon
equation, the Dirac monopole, the Yang-Mills gauge instantons in four dimensions and the
SO(8) instanton in eight dimensions [32, 33].

We remark that in the literature there are different forms for the O(a/?) Lagrangian
£5) which have been determined by fixing the field redefinition ambiguity mentioned
above by focusing on different guiding principles. For instance, in [41, 43] the Lagrangian
is derived from superfield loop computations, while in [44] it is obtained from superstring
amplitudes. In [42], instead, the requirement is that a particular class of BPS solutions
of the Yang-Mills equations, called holomorphic instantons, remain solutions also of the
NABI action. Such solutions correspond to the usual gauge instantons in d = 4, but do
not correspond to the SO(8) instanton in d = 8 which is the relevant one for the D7/D(-1)
system under consideration. As stated in the literature, all proposed forms of £(®) agree
among each other up to terms proportional to the Yang-Mills field equations. Indeed, when
evaluated on the Ansatz (5.8), we find that the corresponding actions all vanish in d = 4,
where the Yang-Mills equations are satisfied; they however disagree in the d = 8 case,
where only the supersymmetrizable action corresponding to (7.6) vanishes.

As mentioned above, we believe that the expression compatible with off-shell super-
symmetry is the one that should be used in order to weight configurations such as the
eight-dimensional instanton which is “off-shell” because it does not satisfy the Yang-Mills
field equations. Finally, we observe that the O(a’*) correction to the NABI action has been
derived in [62], extending the same philosophy used in [42] for the O(a/?) term. We can
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therefore expect that it coincides with the off-shell supersymmetrizable expression only up
to terms proportional to D#F),,, which are not negligible on our instanton solution. So,
even if it would be highly desirable to be able to check the vanishing of the action also to
O(a’*), and hence of the coefficient as in (7.5), this does not seem to be possible at the
moment. Nevertheless, we believe that the vanishing of the first coefficient a; is already a
highly non-trivial test of our proposal.

Concluding remarks. We think that the results and techniques of this paper can be
further developed in several directions. In particular, in the eight-dimensional context, it
would be obviously very interesting to perform explicitly the moduli integral in (3.17) to
determine the coefficients ¢ of (3.18) and compare them to those derived from the duality
with the heterotic string on 75. Regarding our starting motivation, namely the relation
with so-called exotic instantons, one could repeat the analysis of this paper upon further
compactification on, say, a Ty. The resulting systems of wrapped D7’s and D(—1)’s represent
four-dimensional exotic instantons, albeit within a system with A/ = 4 supersymmetry; it
would be nice to understand if they possess a field-theoretic interpretation related to a
compactification of the zero-size limit of the eight-dimensional SO(8) solution, and if some
similar interpretation can be found also in cases with reduced supersymmetry.
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A Octonions and SO(8) I'~matrices

A.1 Octonions

An octonion can be defined as ¢ = ¢" e,,, where the eight components ¢* are real numbers,
and the eight basis vectors are e = 1 and e; (i = 1,2,...,7), such that

e;ej = —0;j + Cijk €k (A1)
with c a totally antisymmetric tensor whose only non-zero elements can be taken to be
Cl127 = C163 = C154 = €253 = C246 = C347 = C567 = 1 . (A2)
One can easily verify that the tensor ¢ obeys, among others, the following identities
Cijk Chtm = 050 Ojm — Ojm Oj¢ + 37 Eidtmnpq Cnpg »
Cijk Cike = 3! 0ie

1
Cijk = Z €ijtmnpq Cnpq Ckém - (A3)
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The tensor ¢ can be embedded into two totally antisymmetric four-index tensors Cffl,po in
d = 8 by means of
+ + 1 A
Ciij = Cijk C@'jkg = i? €ijktmnp Cmnp ( 4)
From (A.2) we see that, up to permutations of the indices, the only non-vanishing compo-

nents of C* are
+ + + + + + +
01278 = 01638 = 01548 = 02538 = C2468 = 03478 = 05678 =+1, (A.5)
+ + + + + + +
01234 - 01256 - C'1357 - 01647 = 03267 = C4257 = C3456 ==+1. (A-ﬁ)

The two tensors C* obey the following (anti)self-duality relations in d = 8

1
Fomomans 1 L e +
C pipzpspe — 4 E Egl Hs CMsMGIWMS (A7)

and thus transform respectively in the representations 35 and 35" of SO(8).
The identities satisfied by ¢, like the ones in (A.3), can be re-expressed as identities on
C*. In particular, we find useful to mention the following ones

1 + puv AT +

 CHIT O, = 305 £ 20,0

1 + ppor ~t

g C wp CI/po’T - 7(55,

L tpwpo vt

I C mvpa CMVPO' — 14, (A8)

where we have used the notation dhy = 055% — 5;55‘ . Following [63], we can exploit the
properties of C* to define the operators

(=t ecp) =t (i) a9

which act as orthogonal projectors on the 28-dimensional space of the (8 x8) anti-symmetric
matrices. Indeed, using (A.8) it is easy to check that

plﬂE .PljE :PIi, P2jE . P2jE :PQi,
1
PE . P =PF . PE =0, P+ Py =59, (A.10)

where we have used the notation (A . B)ﬁ;j = A‘;: B;‘; , and understood all indices. Thus,
any anti-symmetric tensor of rank two can be decomposed into two independent pieces,
one annihilated by PljE and one annihilated by Pzi. Since the C* tensors are traceless, the
dimensionalities of the two eigenspaces can be easily obtained by computing the trace of

the two projectors, and one finds
dim [Ker(Pli)} =21 , dim[Ker(PQi)] =T. (A.11)

The octonion structure constants can be used also to construct an explicit realization
of the Clifford algebra in d = 7. Indeed, it is easy to check that the seven (8 x 8)-matrices
7 (i=1,...,7) with elements

(Tap =0 +Cog®  (,8=1,...,8) (A.12)
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satisfy the following relations

{Ti,Tj}aﬁ = —26Y 0ag 5

iy 1, .y L
(7")ap = 5[7’ ,Tj]aﬁ = —5036 — Caﬁj . (A.13)

Furthermore, by direct computation or by using the properties of the C~ tensor, one can
show that
i3ttt = — 1, (A.14)

where 1g is the (8 x 8) identity matrix.

A.2 SO(8);I-matrices
The eight I-matrices of SO(8), satisfying {I’“, P”} = 20", can be described as

IMM=ir‘ee! | T¥=—-1y®o? (A.15)

where the o’s are the usual Pauli matrices and the 7’s are the seven matrices defined
in (A.12). This is a Weyl representation, since the chirality matrix is

[ =Dr2eries T = g o . (A.16)

Note that in this realization all I-matrices are anti-symmetric. From (A.15) we easily find
that the commutators of two I'’s are

' = %[I’i,l‘j] =—7l@l, , I'= [I’i,I’S] =70 ; (A.17)

DN | =

thus they all are block diagonal, namely

P (WV 0 ) (A.18)

0 34
with the chiral blocks (o, 5 =1,...,8) given by

('Yij)aﬁ = _(Tij)aﬁ = 5:55 + C;/;j ) ('Yig)aﬁ - (Ti)aﬁ - 5?186 + Cojﬁls’ (A.19)

and the anti-chiral blocks (&, 5 =1,...,8) given by
A Y A v Y —1j =18\ . _ (i . _ 58 _ ~—i8
(*y )dﬁ =—(7 )dﬁ = 5@/'3 + Co-é/; , (¥ )ag =—(r )dﬁ = %5 C'(w. . (A.20)

Notice that the chiral matrices v** can be written in a covariant way with respect to both

the vector and the spinor indices, namely
(Y")ap = 0g5 + Cog” - (A.21)

On the contrary, this is not possible for #*¥. However, by using the octonionic tensor CT,
and splitting the anti-chiral spinor indices as & = (&, 8), one can show that

()i = L~ OB () = 00+ O (A22)
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This formulation is covariant only in the vector indices but not in the spinor indices.
Eq.s (A.21) and (A.22) are useful to establish a connection between the matrices v** and
A" and the projection operators Pli and P2i defined in (A.9). Indeed, one has

1

— —\ HV
Z(’Yw)aﬁ = (Pz - P )a57
1
—uv . + 4\ 1V
Z('YM Jab = (Pz - P )di,v
1—1/
2" = — (B = 1)l (4.23)

Finally, we recall that the matrices v** satisfy the following relations
A HABZ A HIA — SHLRASHRIS SRS §H2k % [yFak2 M3 4 yHaH2ispe

[7M1M27,Yﬂ3u4] = Q(GH2HB AHIHA O GHIHA AHRHS O GH2HA AMIHS ) GHIHS ~H2HA

1 ..
7#1#2#3#4 = 4+ GMI

418 He Vs peprps - (A.24)

Similar relations hold for the matrices ¥*¥, but with eg replaced by —eg in the last one.

Furthermore, we have
(Y")as (7" )15 = 80apas » (7")ap (3)s5 = 804445 - (A.25)

B The tg tensor

The explicit expression of the totally anti-symmetric 8-index tensor tg can be read from
the definition (2.6). It turns out that tg can be written as

ts = = (Ty — T()) (B.1)

DO | —

where T(1) and () are the following single and double trace anti-symmetric tensors

K1 fia _ slp2 olus cpal gpal .
T(l) Wsps 5[%5#6]5[#75#8] + permutations,
T(g)l“ﬁ;...us = 5Z;Z§ 55%2 + permutations . (B.2)

In d = 8 the tensor tg can be given another representation, as explained for example in
appendix 9.A of ref. [64]. Let us introduce the chiral and anti-chiral zero-mode operators
S¢ and 58‘ such that

a1 QO304 QO506 QATA8 | . Qg asg

Trg, (12 55 55700 5577%) = g7, (B.3)
and define the bi-linear operators

v 1 v « DUV 1 ~ v a6 ab
R™ = 2 (")apSGS) R = 1(7)35555 - (B.4)
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Then let us consider the following anti-symmetric 8-index tensors

tiwzmmus = Trg, (Rmuz RH3H4 RH5HG Ruws)

1

- ﬁ(’ymm)mw (Y35 azas (V') asae (V'™ ) aras fgl ...... 8,
pHas2pT s Trg (Rmm RM3H4 RH5H6 RlWMS)
- 0
1 Y1 e |
= 55 (7)) a160 () 560 ("1 )asae (V' )éras g7 . (B.5)
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Being completely anti-symmetric invariant tensors of SO(8), both ¢4 and ¢t_ must be linear
combinations of g and of the single and double trace tensors 71y and 7|y defined in (B.2).
Indeed, using the explicit expressions (A.21) and (A.22) for the matrix elements of v#¥ and
A* . with straightforward algebra one can prove that

1 1 1
t = i§ €] + 5 T(l) — 5 T(2) s (BG)
from which, using (B.1) it follows that
1
tg = :F§ €g+t4 . (B.7)

By using the relations (A.23) in (B.5), we can obtain yet another representation of the tg
tensor, namely

1
HIp2e 7y o 1 22 — _ p—\H1H2 — _ p—\HTH8 _aq-eer asg
tg = 5% +(Py — P )a1a2 (P, — Py )amg €s )
1 . .
Mape2-prps o M us + _ ptH\HLIH2 + _ pH\HTHS Qe as
t = +5 ¢ (P = PF) i (P = P) T e . (BSY)

Finally, by exploiting the triality among the SO(8) representations, we can write also the
following relations

1 g ST ENMLEZ ST TN THS e
t,lSLl/JQ HTps F— Egl 1223 + (P; _ Pf)ﬂll@ X (P; o Pf)“”tg €g1 vg ) (B.9)

2 viv2 Vg

There are also useful identities involving the tensors t+ and the y-matrices. In partic-
ular one has

T Ysps Vs =0 T Y e s = 0 (B.10)
which follows from (B.5) and (A.25).

C O-function identities

Let us consider the Riemann identity of the Jacobi 6-functions,!” which, in the notation of
the main text, is

4 3 3 3

> saba(zlit) [ balzilit) = 61 (z2lit) [ ] 61 (zilit) — 261(2'[it) [ ] 6u(=i1it) (C.1)

a=2 i=1 i=1 i=1

"For the Jacobi #-functions we use the standard conventions given, for instance, in [64].
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where s = —1, s3 =1, s, = —1, and

, 1
21 ==(—z1+ 20+ 23+ 2), 25 =

5 (—z2+ 21+ 23+ 2),
1
2

er—lwlr—l

2y == (=234 21 + 22 + 2), d=c(—z4+2n+2+z). (C.2)

When computed at z; = zo = 23 = 0, the identity (C.1) reduces to

4

> sa0a(2]it) 02(0[it)* = 201 (z/2lit)* . (C.3)

a=2
By taking (multiple) derivatives of this identity with respect to z, we can obtain other
identities. For instance, applying the second derivative, we get

4
3" 5002 (2it)0(0]it)* = 6 01 (=/2[it)? 0} (=/2]it)? + 201 (=/2]it)* 05 (2/2]it),  (C.4)

a=2

which at z = 0 reduces to
Zsa )(0[it) 04 (0]it)® = 0 . (C.5)

This is the identity (4.31) used in the main text. Analogously, by considering the fourth
derivative of (C.1) we get

4

> 5a 050 (2[it) 0a (0fit)* = 36} (z/2lit)" + 01(z/2lit) [---] , (C.6)

a=2

which at z = 0 becomes

4
> 52 059(0]it) 04 (0]it)* = 36} (0]it)* (C.7)

a=2

namely the identity (4.34) of the main text.
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